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Abstract 

We argue that in a wide class of theories the fermion and soft supersymmetry breaking 
mass structure is largely determined by the infra-red fixed point structure of the theory 
lying beyond the Standard Model. We show how knowlege of the symmetries and multiplet 
content of this theory is sufficient to determine the infra-red structure, illustrating the idea 
for the case of a simple abelian family symetry. The resulting structure determines the 
fermion masses and mixing angles in terms of a restricted number of parameters. 

The origin of the pattern of fermion masses and mixing angles has long fascinated 
physicists yet it remains one of the outstanding questions raised by the structure of the 
Standard Model. Although there are many ideas based on broken symmetries capable 
of generating structures with the general hierarchical structures observed, detailed pre¬ 
dictions still remain elusive with a few gallant exceptions. The basic problem is that in 
order to calculate masses and mixing angles the Yukawa couplings of the Standard Model 
must be determined. If this is to be done via symmetries then there must be introduced 
a family symmetry group and this has proved elusive and beset by problems associated 
with flavour changing processes. Another possibility is that the Yukawa couplings are 
determined by the underlying (super)string theory. Again this has proved difficult to 
realise particularly because in string theories the couplings are determined by the vac¬ 
uum expectation values (vevs) of moduli fields and to know these the vacuum structure 
of the full theory including supersymmetry breaking effects must be calculated, a task 
currently beyond our capability although general features in a specific models have been 
investigated. 

In this paper we explore a third possibility, namely that the Yukawa couplings are 
determined by the infra red stable fixed point (IRSFP) structure of the theory lying 
beyond the Standard Model. There are several attractive features of such a proposal. In 
the first place the predictions rely only on a knowledge of the dynamics of the theory, 
which follow from the symmetries, and do not require knowledge of the initial conditions. 
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As a result the uncertainties associated with the final “Theory of Everything” [| are avoided 
or reduced. Secondly the flavour changing problems associated with a family symmetry 
are under control in a class of theories with a family independent hxed point structure]^. 
Indeed we may take this as a strong hint that the IRSFP structure plays an important role 
for it seems likely that there must be new family dependent interactions if the pattern 
of fermion masses is to be understood and then it is essential to explain why flavour 
changing processes are small. Finally the known structure of the quark and lepton masses 
and mixing angles may be used to infer the symmetry structure needed for the theory 
beyond the Standard Model. Given the symmetries the dynamics of the theory and thus 
the renormalisaton group (RG) equations are determined and so one may try to develop 
a systematic and quantitative investigation of the idea that IRSFP structure determines 
the masses and mixing angles. 

Before turning to this we first comment on why we think that IRSFP are likely to play 
a role in the theory beyond the Standard Model. We suppose there is some extension of 
the Standard Model at a scale M. It is plausible (but not essential - see later) to identify 
this with the scale, Mx, at which the gauge couplings unify. However as there is only a 
small gap between the gauge unihcation scale O{10^^GeV) and the compactification or 
Planck scale there seems little room for logarithmic corrections to drive couplings to their 
fixed points. Now we can envisage two general possibilities for generating the hierarchy 
of fermion masses. The first possibility is that the Yukawa interactions themselves have 
an hierarchical structure. This is certainly possible in string theories and there have been 
attempts Q to develop a theory of fermion masses this way although to date these have 
not been very successful. The second possibility is that the small Yukawa interactions 
arise due to small mixing between states, the quarks and leptons and/or the Higgs^.In 
this case there must be many more states than are currently observed, the mixing being 
between these (heavy) states and those observed at low energies. However the addition of 
such heavy states typically has the effect of causing the effective couplings to run quickly 
at scales above their mass. This has been discussed in Q where we showed that in many 
theories beyond the Standard Model the rate of approach to the fixed point is very fast. 

Thus we consider it quite plausible that in such models of fermion masses the IRSFP 
structure plays an important role in determining the couplings. 

We turn now to the construction of a theory beyond the Standard Model which will 
realise the ideas discussed above. The starting point is to identify a symmetry capable 
of giving the observed pattern of fermion masses and mixing angles. In Q we analysed 
the simplest possible gauge extension of the Standard Model in which an abelian family 
symmetry generates an acceptable pattern of fermion masses and mixings. For the case 
of symmetric mass matrices we considered the most general possibilities for the charge 
assignments under this group. The structure turns out to be determined by a combination, 
a, of these charges and we found the remarkable result that for any value a > 0 the fermion 
mass matrix has two texture zeros leading to excellent predictions for two combinations 
of the GKM matrix elements. Further we found a particular choice for a generates the 
observed hierarchical pattern of the non-zero matrix elements in the quark sector. The 
extension to the lepton sector is straightforward and depends on another parameter, b, 
determined in terms of the charges assigned to the leptons. Again we found that there were 
choices for b capable of explaining the hierarchy of lepton masses and even the relation of 
charged lepton to down quark masses. The extension of these ideas to neutrinos is also 
straightforward]^. One important conclusion of this study was that the abelian symmetry 
could only be made anomaly free through the Green Schwarz mechanism|^]. This led to 
a prediction for the value of sin^vF at the unification scale because the Green Schwarz 

^For example the uncertainties associated with the moduli vevs in string theories. 

^This opens the attractive possibility that the mixings are ordered by a (spontaneously) broken family 
symmetry!^ giving textures[|| as discussed below. 
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term relates the ratio of gauge couplings to the ratio of anomalies associated with the new 
abelian family symmetry. Thus the value of sm.6^r is related to the pattern of fermion 
masses and we showed that this constrained the value of sin^i^^ to be |! Further we 
found that the resulting pattern of mass matrices were consistent with a larger symmetry, 
extending the SU{2)l (g) ?7(1) of the Standard Model to SU{2)l (g) SU{2)r. 

While this family symmetry is clearly not the only possibility it does represent the 
simplest extension of the Standard Model. As such it is a good starting point for our 
programme seeking to explore the possibility that the IRSFP structure of the theory de¬ 
termines fermion masses and that the Standard Model is entirely given by an effective 
low-energy theory insensitive to the physics of the ultimate “Theory of Everything”. How¬ 
ever at first sight it seems unacceptable just to consider the simplest gauge group extension 
SU (3) (g) SU (2) <g) C/(l) (g) [/(l)x because we know that in the MSSM the gauge unification 
scale, Mx, is only 3.10^^ GeV , roughly an order of magnitude below the string unihcation 
scale, Ms- It has been suggested that (string) threshold correctionswill increase Mx 
but in the present case this seems unlikely because the evolution of couplings above the 
scale M of new physics is very fast and would require very large threshold corrections. To 
stop the relative evolution of the gauge couplings above M it appears necessary to consider 
extensions of the Standard Model which do this by embedding the gauge group in a larger 
structure with a single gauge coupling (in such models we should identify M with Mx)- 
While it is possible to use IRSFP to determine the couplings in such unified models here 
we will consider a simpler possibility that does not extend the gauge group beyond the 
abelian flavour group. This model evades the problems just discussed by adding mas¬ 
sive states in vectorlike representations which form complete SU (5) representations (even 
though the gauge group is not 51/(5)). As a result at one loop order above the scale M 
{not now to be identihed with Mx) the relative evolution of the SU{3) (8) 51/(2) (g) U{1) 
couplings is unchanged. At two loop order the effects are to increase Mx close to the 
string unification scale so in this case it is quite reasonable to suppose the remaining 
string threshold corrections will bring the string and gauge unification scale into agree¬ 
ment. The reason we choose to analyse this model is that it provides the simplest example 
of a theory in which the ISFP structure determines aspects of the fermion mass and soft 
supersymmetry breaking mass spectrum. While we think it is interesting in its own right 
it also demonstrates the structure that may result in (more complicated) shemes in which 
the infra-red structure of the theory below the compactification scale also determines the 
effective low energy theory. It also illustrates how flavour changing effects need not be 
large even in a theory involving a family dependent gauge interaction. 

Fermion masses from an Abelian family symmetry 

To discuss this question we hrst turn to a review of the construction of the model|Q 
of quark and charged lepton masses. The structure of the mass matrices is determined 
by a family symmetry, U{1)fd, with charge assignment of the Standard Model states 
given in Table ||. The need to preserve SU (2 )l invariance requires (left-handed) up and 
down quarks (leptons) to have the same charge. This plus the requirement of symmetric 
matrices then requires that all quarks (leptons) of the same i-th generation transform with 
the same charge a* (a,). Allowing for a family independent component, U{1)fi considered 
below, allows us to make U{1)fd traceless without any loss of generality, the full family 
symmetry being U (l)jv = U{1)fi + U{1)fd- Thus 03 = — (ai -|- 02 ) and 03 = —(ai -|- 02 ). 

The U{1)fd charge of the quark-antiquark pair has the form 

^ — 2 ( q;i -|- 02) —ai —0L2 
—Ol 2Q!2 cti T 

I — 0,2 o\ -\- 02 2oi 
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Q* di U ef z/f H 2 Hi 

U{1)fd 

ai ai ai o, ai Oj — 2 ai — 2 ai 


Table 1 : U{1)fd symmetries. 


This matrix neatly summarises the allowed Yukawa couplings for a Higgs boson coupling 
in a definite position. They should have charge minus that shown for the relevant position. 

For the leptons we have a similar structure of lepton-antilepton charges 

^ -2(01-1-02) -ai -02 \ 

-Oi 202 01 - 1-02 ( 2 ) 

y —02 oi -|- 02 2 oi j 

If the light Higgs, ^f2) responsible for the up and down quark masses respectively 
have U{1) charge so that only the (3,3) renormalisable Yukawa coupling to H 2 , Hi is 
allowed, only the (3,3) element of the associated mass matrix will be non-zero as desired. 
The remaining entries are generated when the U{1) symmetry is broken. We assume 
this breaking is spontaneous via Standard Model singlet fields, 0, 0, with U{i)FD charge 
- 1 , -|-1 respectively, which acquire approximately equal vacuum expectation values (vevs) 
along a “D-flat” direction^. After this breaking all entries in the mass matrix become non¬ 
zero. For example, the (3,2) entry in the up quark mass matrix appears at 0 (el" 2 -«i|^ 
because U(l) charge conservation allows only a coupling HtH 2 { 9 , 02 > oi or 
HtH 2 { 6 /M 2 )^'^~^'^i ai > 02 and we have defined e = {< 9 > /M 2 ) where M 2 is the 
unification mass scale which governs the higher dimension operators. As discussed in 
reference^ one may expect a different scale. Mi, for the down quark mass matrices (it 
corresponds to mixing in the H 2 , Hi sector with M2, Mi the masses of heavy H 2 , Hi 
fields). Thus we arrive at mass matrices of the form 


/ /iiipiiei2+6“l /ii2pi2el3“l /ii3/9i3el^+3“l 
/j 22 / 022 e^ ^23/023^^ 

V h3ip3ie\^+^°-\ h32P32e^ 


(3) 


kiiaiie\^^^°‘\ A:i2cri2el^“l \ 

A;2i<72iel^“l k 22 (^ 22 e'^ k23cr23e^ (4) 

A:3io-3ie'^^^“' ^320-326^ k 33 J 

where e = e = (^^)'“^~“^* and a = 01/(02 — «i)- The light Higgs states 

are given by M 33 + and M 33 + where the powers riij are those 

appearing in eq(^ and p, a are related to Yukawa couplings in the Higgs sector in a 
manner discussed below. These and the Yukawa couplings hij, kij are all assumed to 
be of 0(1). As discussed above, for a > 0, there are two approximate texture zeros 
in the (1,1) and (1,3), (3,1) positions. These give rise to excellent predictions for two 
combinations of the CKM matrix. Choosing a = 1 the remaining non-zero entries have 



^The spontaneous breaking of non-anomalous gauge symmetries at high scales in supersymmetric theories 
must proceed along such flat directions to avoid large vacuum energy contributions from D-terms, giving < 
0 >=< 9 >. In the case there is an anomalous current the Fayet Iliopoulos mechanism can generate a range 
of vevs for 9 and 9. In the limit the 9 vev driven by the Fayet Iliopoulos term alone is much larger than 
the vevs that would have been induced by radiative breaking without the Fayet Iliopoulos term we will have 
< 9 >>>< 9 >; in the other limit we will have < 9 >« <9 >. In what follows we assume the second possibility 
but this is not necessary to achieve a viable mass matrix as will be shown elsewhere. 
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magnitude in excellent agreement with the measured values. To a good approximation 
we have the relation |^] 

e = e-2 (5) 

which also implies that M 2 > Mi. 

The charged lepton mass matrix may similarly be determined. In we restricted the 
lepton charges by requiring the good relation mb = rur at unification scale ai = oi giving 

/ 220 - 22 e'^^^’^^^' 122.(^22,^''^^^'' ( 6 ) 

/31fT3iel^+3“+''l /32fT32el^+''l ^33 ) 

where h = (02 — 012 )!{ 0.2 — ai) and again the Yukawa couplings, Uj, are assumed of 0(1). 

At this stage b is not determined but for any value of 5 > 0 there are texture zeros in 
the (1,1) and (1,3) positions giving rise to the phenomenologically successful prediction 
Det{Mi) Ki Det{Md). To proceed further a value of b must be chosen and two viable 
choices were explored. For 6 = 0 the lepton charges are the same as the down quark 
sector, and so the structure of the down quark and lepton mass matrices are identical. 
In order to explain the detailed difference between down quark and lepton masses it is 
necessary in this case to assume that the constants of proportionality determined by 
Yukawa couplings which we have so far taken to be equal (and of 0(1)) differ sightly for 
the lepton case. A factor 3 in the (2,2) entry is sufficient to give excellent charged lepton 
masses. An alternative which does not rely on different Yukawa couplings is to choose 6 
half integral. For a = l, 6 = l/2we found excellent agreement for the charged lepton 
masses (in this case there is a Z 2 symmetry forcing the (1, 3), (3,1), (2, 3), (3, 2) matrix 
elements to vanish). 

To complete the discussion we turn to a consideration of the anomaly structure of 
the model. Although the choice of charges for the quarks and letons given above has 
no SU{3)‘^U{1)fd, SU{3)‘^U{1)fd or U{Vf‘U{l)FD anomalies it is clear that the Higgs 
charges are not anomaly free. To construct an anomaly free theory it is necessary to 
modify the additional abelian gauge factor as follows 

U{1)x = U{1)fd + U{1)z (7) 

where U{1)fd is the original family dependent symmetry discussed above, and U{l)z is 
a family independent symmetry. As we have seen if the fermion mass matrix is to be 
symmetric U{1)fd must act the same way on left- and right handed components but 
U{\)z is not so constrained. 

As discussed in the general structure of U{l)z is given by 

U{l)z = z U{1 )h + X U{l)x + y U{l)xx . (8) 

where the various component factors are defined in Table § giving the charges of Table 
^ for U{iy. This choice is anomalous but the anomaly can be cancelled through the GS 
mechanism by an appropriate shift of the axion present in the dilaton multiplet of four¬ 
dimensional strings. This happens because such an axion has a direct coupling to FF. For 
the GS mechanism to be possible, the coefficients Ai, i = 3, 2,1 of the mixed anomalies of 
the U{1) with SU{3), SU{2) and U{1)y have to be in the ratio A 3 : A 2 : Ai = ^3 : ^2 : ki. 
Here ki are the Kac-Moody levels of the corresponding gauge factors and they determine 
the boundary condition of the gauge couplings at the string scale by the well-known 
equation g^k^ = ^' 2^:2 = For the general choice of eq(^ the mixed anomalies of 

the U{1) with the SM gauge factors are in the ratio A 3 : A 2 : Ai = 1 : 1 : 5/3||T^ 
and hence one recovers the usual (GUT) canonical values for these normalization factors 
(corresponding to the successful result siv?{9w) = 3/8) k^ : k 2 ■ ki = 1 : 1 : 5/3. 
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Q 

u 

d 

L 

e 

H 2 

Hi 

U{ 1 )h 

0 

0 

0 

0 

0 

1 

-1 

1—1 

0 

0 

1 

1 

0 

0 

0 

U{l)x 

1 

1 

0 

0 

1 

0 

0 


Table 2 : Anomaly-free U{1)fi symmetries. 


U{1) 


ai + X ai + X ai + y Ui + y ai + x z-2ai -z+wai 


Table 3: Anomaly-free U{iy symmetries. 


One can easily check that for z = —2x one gets the results of |3| for the u-quark mass 
matrix. If one further has 3x + y = —4ai (and w = —2) one gets the results of eq.§ for 
the d-quark masses. 

The SU(3) ® S17(2) ® U(l) ® I7(l)x model 

Let us now construct the model that realizes this (a=l,b=0) solution for the fermion 
mass structure. This will illustrate how a knowledge of the symmetries of the theory 
largely determine the infra red structure of the theory. In order to implement the 
structure of eq(|3|) it is necessary to introduce at least 5 additional Higgs doublets Hf 
with the appropriate U{l)x charges, i, to allow them to couple to the quarks in the 
(2, 3), (2, 2), (1, 3), (1, 2) and (1,1) directions respectively. These Higgs doublets will be¬ 
long to massive supermultiplets pairing up with their partners Hf in the conjugate rep¬ 
resentation through a term in the superpotential rf^^HfHf where is a singlet chi¬ 
ral superfield whose scalar component acquires a vacuum expectation value, V 2 , giving 
the Higgs mass rfV 2 . We also need Standard Model singlet fields 0^, 0^ as discussed 
above to break U{l)x- When 0^ acquires a vev it causes mixing between the massive 
Higgs helds and the original H 2 fl held coupling in the (3,3) position. For example the 
U{l)x symmetry allows the term SqHqH^]^ 0^ giving the massive state proportional to 
-f Sq < > /(^ib 2 )-H 2 leaving the massless state Hf — < 0^ > sf/{rfV 2 )Hf_i. This 

generates P 23 = sf/rf in eq(^) and e =< 0^ > /V 2 - While this multiplet structure may 
appear complicated it is of the type that appears in compactihed string theories where in 
addition to the three generations of states left massless at the compactihcation scale there 
are typically a large number of additional states in vectorlike representations. In what 
follows we will assume that the hve copies of Hf plus Hf appear together with hve copies 
of Df'^ plus Df^ where Di are additional chiral superhelds in a down quark representation 
of the Standard Model. As discussed above this will ensure the successful gauge unifica¬ 
tion of the MSSM persists in this model at one loop order. Given that the families fill 
out complete representations of 517(5) it is perhaps not so surprising that the vectorlike 
matter should do so too and presumably just reflects the underlying GUT structure of 
the string even though the low energy theory has a reduced (non-GUT) gauge group. 

The remainder of the spectrum is chosen to complete the structure needed to generate 
the mass matrices of eq(^ and (|^ in the manner just discussed. Thus we add five further 
representations Hf + Hf -|- + Df^. We also introduce further Standard Model singlet 

fields d>^, 0 ^, 0 ^ which acquire vevs generating masses and mixing for these vector like 
representations in the manner just discussed. In particular we have 1723 = sj/rj in eq(|) 
and e =< 0 ^ > /Vi etc. 

This completes the multiplet structure of the model. A summary of the multiplet 
content and their U{l)x charges is given in Table To complete the model the couplings 
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(Q, d'^, L, 6 "=)* 


(^ 1 , 2 , 1)1,2 

(^ 1 , 2 , 

Cl>b2 01,2 01,2 

i=l 

0 

j =-2 

-2 

2 

0 0 1-1 

i =2 

1 

j=-l 

-1 

1 


i=3 

-4 

j=3 

3 

-3 




j=4 

4 

-4 




j =8 

8 

-8 



Table 4: The U{l)x charges of the chiral supermultiplets. 


must be specified. We will allow all trilinear couplings consistent with the symmetries of 
the theory. Apart from the gauge symmetries as usual there must be discrete symmetries 
to inhibit nucleon decay. We choose the simplest possibility, matter parity, under which 
the three generations of quarks and lepton supermultiplets are odd and the Higgs and 
the additional D quarks are even. With this symmetry the allowed couplings are just the 
normal Yukawa couplings plus the singlet couplings discussed above together with further 
singlet couplings of the singlets to and which will give all these states mass at the 
scale Vi^ 2 - Note that the normal quarks cannot mix with the quarks because of the 
R symmetry. In addition we assume there is a symmetry preventing the coupling of the 
to the fields in order to solve the p problem i.e. such a coupling occurs only after 
supersymmetry breaking ||Tl[| . Again a simple Z 2 symmetry suffices. With this the allowed 
couplings are given in eq@. 


+ ^Di ^ + ujQDj + uienj ^Dl\) 

Id 


(9) 


Renormalisation Group equations 

Having specified the couplings the renormalisation group equations are now specifed. 
If they turn out to determine the Yukawa couplings and soft masses of the theory we will 
have a self contained low-energy theory (low relative to the compactification scale!) in 
which all the parameters are determined independent of the underlying string theory. To 
investigate this possibility we turn to a discussion of the renormalisation gronp equations 
for the gange and Yukawa couplings. 

The renormalisation group equations for the gauge couplings dj = gf are 


dai 

dt 



( 10 ) 


where bt = —3 -|- ny, l-|-ny, ll-|-ny, and 1197 for the group factors of SU{3) ( 8 ) SU{2) (g) 
17(1) (g) t/(l)jv respectively. Here ny is the number of vectorlike representations making up 
complete 5 dimensional representations of 5t/(5); for the model just discussed ny = 10. 
The reason the U (Ijjv factor is so large is mainly due to the fact that the colour and SU ( 2 ) 
multiplicity factors are large. Note that none of the gauge couplings are asymptotically 
free due to the profusion of matter fields. We may see that the evolution of all the 
gauge couplings is fast, which is why the fixed point structure dominates the infra-red 
behaviour. Moreover, assuming rough equality at the compactification scale the relative 
size of ensures the Abelian conpling will be quite negligible at the gange unification 

scale. This means that family violating effects coming from the family gauge interaction 
become negligible, an important feature for a viable model where small variations in the 
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scalar mass spectrum can lead to large flavour changing neutral currents at low energies 
Q. Given this in what follows we will neglect the tiny effects of the Abelian family gauge 
interactions. These renormalisation group equations apply in the region between the 
gauge or Yukawa unification scale (which to avoid the need for a further GUT threshold 
we assume are the same and correctly given by the string scale, Ms, plus (small) threshold 
corrections) and the scale, Vi^ 2 , at which the additional vectorlike multiplets acquire their 
mass. This scale is determine by radiative breaking and due to the large number of 
multiplets can happen quite close to the compactification scale. However as it is sensitive 
to the inital values of the soft masses we will treat it as a parameter together with the 
vevs for the 0 and 0 fields which arise by a combination of radiative breaking and the 
Fayet Iliopoulos term. 

Below the scale Ui ^2 the renormalisation group equations revert to the MSSM form. 
The value of the gauge unification scale is sensitive at two loop order to the vectorlike 
representations. We find it is increased by a factor of 4 bringing it closer to the string 
unification scale without string threshold contributions. In addition there will be threshold 
corrections associated with the vectorlike states if the doublet and triplet components 
are split. However the fixed point structure of the Yukawa couplings does not entirely 
determine these couplings, there being some residual dependence on the initial values. 
Thus we cannot determine these threshold effects at this stage although for some values 
of the initial parameters these can also drive the unification scale closer to the string 
nnification scale. 

With this multiplet content all couplings evolve so fast that if there is an IRSFP it 
will determine the low energy structure even though the vectorlike multiplets have mass 
very close to the gauge unification scale (in practice they need differ by less than two 
orders of magnitude). However there is not an IRSFP determining the gauge couplings 
which are rapidly driven to small values. Thus in this picture the expectation is that 
the gauge unification occurs at a large gauge coupling, a value which is easier to obtain 
from string theories since it is close to the duality invariant point. At one loop order 
the numerical analysis of gauge unification remains the same as for the MSSM as the 
differences between the gauge group factor beta functions is unchanged. Thus to this 
order the gauge unification scale remains at 2.10^®GeU and the prediction for si'n?{0) at 
low energies is unchanged. However as just noted the magnitude of the gauge coupling 
at the unification scale is increased by an amount dependent on the scale Vi, 2 - At two 
loop order there is an effect due to the increase in the beta functions. We find that these 


effects decrease sin^(0) by 0.0002 and marginally increase Mx |]T|. 

We turn now to the main point of the paper namely the study of the renormalisation 
group equations for the Yukawa couplings. These are given by the general form 




= YtM + Nj + Nu) 


dt 


( 11 ) 


I /■“ P 

I •' i 7 A: I 


where and refers to one of the couplings 


in e' 


, /“ = h, k, I, r, s, s,t ,t 


labeled by a = h, k, I, r, s, s, t, u, u respectively. The quantities W are wave function 
normalisation coefficients given by 


N? = 


= 


) 3 1 

jds + -q;2 + “ y^XY^k + Y^k) 

jk 


-ds + -di “ 3 ^ Yl-k 

jk 




k 

ijk 


jk 





1 

3 1 V- 

— 9^2 + xai - 2_^ Yijk 




jk 



Nf 

= 2ai-2^YA, 




jk 




1 



iV©^' 

= -2Y.(Yp^ + YpP 

1 




= +yt‘) 

i 




3 - 1 - 

— 9^2 + xai - ^ Yijk - 


- E yr' 


jk 

jk 

m=r, 5, s, t, u, u 


3 - 1 - V- 

— :^o;2 -1- -ai — Tjjfc - 


- E yr" 


jk 

jk 

m=r, 5, s, t, li, u 

Np' 

= I <i. + Isi - Yj’ - 



In the approximation of ignoring the small differences between the gauge couplings, the 
renormalisation group equations have infra-red-stable fixed points (IRSFP) determining 
the Yukawa couplings in terms of the gauge coupling, g.. For the couplings of the quarks 
and leptons to the Higgs we find 


h2 


k2 


h 


1.79 



3.06 


y X 

^ —3.12 -|- 3a: -|- 3y 
3.02 - 3y 
3.02 — 3x 


y X 

-y - z z 

z 3.06 — z — X 


3.02 — 3y 3.02 — 3x 

—3.12-|-3y-|-3z 3.02 — 32 
3.02 — 32 —3.12-|-3x-|-32 


(13) 


where {h 2 )ij =| hij/g p etc. Note that there are three undetermined parameters due 
to a degeneracy in the coupled differential equations. The fact that not all the Yukawa 
couplings are determined by the fixed point structure means that some information re¬ 
mains of the underlying theory at the compactification scale; i.e. not every piece of the 
fermion mass structure is determined by the long distance physics after compacthcation. 
In fact we have already limited the number of parameters by demanding a symmetric form 
for the couplings. Since the renormalisation group equations respect this symmetry this 
form will result if the initial values of the couplings are symmetric but there are also non 
symmetric solutions possible. At this stage we could proceed to use these parameters to 
determine the lepton masses and follow the implications for the quark masses. This would 
amount to the statement that the underlying string theory determines the lepton masses 
and the IRSFP only determine aspects of the quark mass matrix. However, following our 
inclination to look for the most symmetric solution consistent with the observed fermion 
mass spectrum, here we will follow the more ambitious approach of limiting the Yukawa 
structure through further symmetres. In particular we consider two possibilities. The first 
follows the route discussed in the second example given above and assumes the difference 
between leptons and quarks is due to a Z 2 symmetry under which the third generation 
of leptons is odd while all other states are even. As a result the lepton mass matrix has 
zeros in the (3,1), (1,3), (3,2), (2,3) positions. The resulting Yukawa couplings have 
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the form 


h2 


k 


I 



/ 2 1 

1 \ 


1.79 

1 2 

1 



U 1 

2 / 


( 2 . 05 -X 

X 

1.01 


X 

2.05 - X 

1.01 

V 

1.01 

1.01 

1.04 

( - 0 . 10 -b 3 x 3.02 

- 3 x 


3.02 — 3 x — 0.10 + 3 x 
0 0 



(14) 


We see there remains one undetermined parameter. 

The second case we consider is that the boundary conditions have a larger symmetry 
leading to a more symmetric solution at the fixed point. To investigate this we need to 
look for enhanced symmetries commuting with the RG equations. This is most readily 
done by relating ratios of couplings which have the same wave function renormalisation. 
The mildest extension of the symmetry we can envisage is that there is a relation between 
the up and down quark Yukawas perhaps coming from an underlying SU{2)ji symmetry 
broken at the compactification scale. The RG equations do not change the equality of 
ratios of up quark couplings to the equivalent down quark couplings so we can determine 
the effects of this symmetry by requiring in eq(^) the equality of these ratios (the renor¬ 
malisation group equations respect this symmetry up to the terms involving the U{l)x 
gauge interactions and the latter are expected to be small because the coupling is driven 
to be negligibly small close to the compactfication scale). In this case we get 


(/i2, k2, h) 


( 1 . 79 , 1 . 53 , 1 . 46 ) 


2 1 1 \ 
12 1 
112 / 


( 15 ) 


Note that the fixed points are relating lepton and quark couplings even though there is no 
underlying symmetry; “Grand Unification” without “Grand Unification”! It may appear 
that there are no free parameters left undetermined but this is not the case for what is 
determined is the modulus squared of the Yukawa couplings, their phase is not determined 
and will depend on the intial values i.e. they depend on the underlying (string) theory. 

Before we can confront these forms with experiment we must determine the Yukawa 
couplings associated with the SU{3) <Si SU{2) (g) U{1) singlet couplings for they in turn 
determine the composition of the light Higgs which, as discussed above, generates the 
quark and lepton masses. In fact the alert reader will have questioned why it was not nec¬ 
essary to include these when determining the IRSFP values for the Yukawa couplings just 
discussed. The answer to this is that the solution to the IRSFP for the quark and lepton 
Yukawa couplings requires the contribution to from these couplings to be indepen¬ 

dent of i. Thus the RG equations for the IRSFP factor into two parts, one determining the 
quark and lepton Yukawa couplings and one determining the Yukawa couplings involving 
the singlet fields. There are two IRSFP structures depending on the initial relative values 
of the Yukawa couplings relative to the gauge couplings. For large initial values the fixed 
point structure gives 

(hs, h_2, h_i) = ^(4, 2, 1) 

(S 3 , S_ 2 ) = ^( 9 , 4 ) 

(S4, So, s_i) = ^( 7 , 4 , 4 ) ( 16 ) 
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where, as above, we have given the square of the couplings. The couplings /14 and /13 are 
driven smaller than these at the fixed point. Using these couplings we may determine the 
light Higgs eigenstates to be 

flight = ^0 + 0-22 

flight = + P22H12^^ (17) 

where we have absorbed a factor of -v/2 in the original definition of e, e. Note that 
the IRSFP structure does not determine (T22 or P 22 because we have not included light 
vectorlike states coupling to . These terms must be driven by higher dimension 
operators or we must modify the Standard Model singlet Higgs sector to include some such 
coupling. While we have constructed schemes to implement this we will not pursue them 
here but concentrate on a discussion of the phenomenological implications of eq(|T^)as it 
stands. Using it in eqs(|3|), (|^ and (^) determines the quark and lepton masses and mixing 
angles. Consider first the implications for quark and lepton masses. We find for the third 
generation at the scale M 

1.02 

1.08 

1.345 (18) 

After including radiative corrections the b — T ratio is in good agreement with experiment. 
The initial value of the top Yukawa coupling implies the top mass at low energies will be 
close to the quasi fixed point mt ~ 195Gev where the number follows since from eqdl) 
the bottom Yukawa coupling is large and tan(3 ~ 50. 

For the lighter quarks and leptons we have the results 


mb _ 
nir 

h 

hb 

ht = 


mdms 

= 1.04m^me 

me 

= 

/s — 2\/2cos9u^^ 

mt 

2 ' 


ms 

= 

/s- 2V2cosede^ 

mb 

2 ' 


m^ 

= 

/s- 2V2coseef 

mr 

2 ' 



(19) 


where the angles come from the undetermined phases of the Yukawa couplings. 

After including the radiative corrections which increase the quark masses at low energies 
relative to the lepton masses by a factor approximately 3 the first relation is in excellent 
agreement with the experimental measurement. For arbitrary angles the last two relations 
imply 0.18 < < 5.4. Finally the CKM matrix elements are given by 


Vcb 

Vub 

Vcb 


V, 


su 


, , rrifj rriy 

1= ^ + 2 

ms me 


mu 

me 


mums 

mcmd 


m. 


me 




mdmu 

mgme 


cos 




I msmc 

m'pm'^ 


cos 




( 20 ) 
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rrid 

rris 

mu 

me 

ms 

mh 

Vcb 

VZb 

Vrh 

0.04-0.067 

0.003-0.005 

0.03-0.07 

0.038 ± 0.003 

0.08 ± 0.02 


Table 5: Experimental limits on quark masses and mixing angles 


where 


= mh\J 3 — 2V2cos6d 
m'^ = — 2\/2cos6e 

m'f = — 2\/2cos9u 


(21) 


and the angles iji, cj)' come from the undetermined phases. All but the last result of 
eq(pOD comes entirely from the texture zero structure and are in excellent agreement with 
experiment 1^1 (cf Table ^). The last result is in agreement with the experimental mea¬ 
surement only if there is a strong cancellation between the terms. Using = msjm'^^ 

together with the requirement that should be small, requires extremum values for 

the top and lepton phases, 4>' « vr, 9u ^ 0, 6 e ~ vr, giving | Vcb |~ 0.045. Because we 
are in the large tanf3 domain this value is subject to signihcant finite supersymmetric 
threshold corrections estimated in to be of 0(10%). The value of is determined 
by Od- Allowing for radiative corrections this gives a range for the strange quark mass 
approximately (140 — 300)MeU. 

We have not space to discuss the second solution of eq([T^) fully but want to stress 
that the structure of the fermion masses is sensitive to the underlying symmetry. In this 
example the leptons differ from quarks because they have a Z 2 symmetry. As a result 
the fixed point structure also changes. For example the ratio m^/m^ = \/3 and the ratio 
mt/rrib = 1.3. What the fixed point structure does is to translate a symmetry structure 
into a quantitative prediction for the parameters of the theory. 

In summary we have examined the possibility that the Yukawa couplings determining 
the quark and lepton masses and mixing angles are given by the IRSFP structure of the 
theory beyond the Standard Model. The idea was illustrated by a very simple extension of 
the Standard Model which had a single abelian family symmetry plus additional states in 
vector representations of the gauge group which acquire their mass beneath the unification 
scale. We found that many of the couplings were indeed fixed by the IRSFP structure. 
Indeed allowing for a simple extension of the symmetry at the compactification scale we 
found cases in which the magnitude of all the couplings were fixed. The resultant structure 
for the masses and mixing angles is entirely consistent with measurement in terms of the 
remaining parameters. It is notable that apart from the phase 6 ^ the undetermined 
phases must take extremal values for an acceptable phenomenology. As string theories 
will identify these phases with the phases of moduli this suggests they may be driven 
to their extremum values through minimisation of the effective potential below the scale 
M when the phases first play a role[^]. We will discuss this possibility elsewhere but it 
suggests that at least some of the remaining parameters of the model may be determined 
by low energy physics too. While we consider the model interesting in its own right and 
worth developing further we would like to stress the generality of the approach; in many 
extensions of the Standard Model the multiplet structure grows dramatically making 
the IRSFP structure phenomenologically important. A particularly promising aspect of 
the fixed point structure is that symmetries are enhanced at low energies offering an 
explanation for the “family problem” because it is easy to arrange for the enhanced 
symmetry to include a family symmetry that protects the low energy theory from large 
flavour changing neutral processes. It remains to be seen whether the IRSFP structure is 
responsible for all the quark and lepton masses and mixing angles. If so the “physics” of 


12 












the string may be largely hidden from we observers of the low-energy world and only the 
multiplet structure and symmetries will be directly given by the string. 

Acknowledgement I would like to thank R.Barbieri, S.Dimopoulos, L. Ibanez, J.Pati 
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